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Conformal anomaly of Wilson surface observables – a field
theoretical computation
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Abstract: We make an exact field theoretical computation of the conformal anomaly for two-dimensional
submanifold observables. By including a scalar field in the definition for the Wilson surface, as appropriate
for a spontaneously broken A1 theory, we get a conformal anomaly which is such that N times it is equal
to the anomaly that was computed in hep-th/9901021 in the large N limit and which relied on the AdS-
CFT correspondence. We also show how the spherical surface observable can be expressed as a conformal
anomaly.
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1 Introduction
Wilson surface observables was introduced in [1] in order to lift the loop equation formulation of Yang-
Mills theory to a surface equation formulation of interacting six-dimensional (2, 0) supersymmetric gauge
theories. Now the microscopic definition of non-abelian Wilson surfaces is not yet very well understood.
We will therefore study smooth abelian Wilson surfaces, i.e. submanifolds, embedded in flat euclidean
background. We can also consider the spontaneosly broken A1 theory. The low energy theory should be
described entirely in terms of the tensor multiplet fields, the massive degrees of freedom having decoupled.
But the more interesting cases, from the point of view of the surface equation, of cusp singularities and
self-intersections, will be postponed to future investigations.
We will begin by studying the abelian Wilson surface for a selfdual two-form connection B+, defined
as
W0(Σ) = exp i
∫
Σ
B+. (1)
where we will assume that Σ is a closed two-dimensional submanifold. As usual the vacuum expectation
value 〈W (Σ)〉 has to be renormalized. Closed submanifold observables of dimension k have a conformal
anomaly only if k is even [2]. So in contrast to the Wilson loop (for which k = 1), the surface observable
(with k = 2) that we will consider here will have an anomaly. Now this is true only for closed submanifold.
If we have a boundary, we can get a contribution from boundary terms which can give rise to a conformal
anomaly even for a Wilson line. An example of this is the non-zero difference between the renormalized
straight Wilson line and the renormalized circular Wilson loop computed in [4]. Had there been no
conformal anomaly these would have been equal since they are conformally equivalent, being related
by an inversion map. Introducing a cut-off, thus cutting off the infinite line to a finite line, we get a
contribution from the boundary, that thus contributes to a conformal anomaly even for k = 1.
This paper originated from the question of whether an analogous relation could hold between a Wilson
surface being an infinitely extended plane, and a spherical Wilson surface observable. To answer this
question we had to first compute the conformal anomaly exactly, to all orders in the conformal factor
φ(x) (defined through the Weyl rescaling GMN (x)→ e2φ(x)GMN (x) of the metric tensor) for the abelian
Wilson surface. No exact computation of this anomaly had been done before. A computation had been
done in [5],[6], but the result presented there is valid only for constant Weyl rescalings, and is thus not
directly applicable if one wants to study e.g. an inversion map.
However this anomaly has been computed on the supergravity side for AN−1 theory in the large N
limit in [2]. Here we will compute the corresponding anomaly for N = 2 directly from a low-energy field
theory, spontaneously broken by a large vacuum expectation value of one of the scalar fields. We will find
an answer that is proportional to the anomaly that was obtained in [2] with the proportionality constant
being equal to N . We will define the (euclidean) Wilson surface as
W1(Σ) = exp i
∫
Σ
d2σ
(
1
2
εαβ∂αX
M∂βX
NB+MN − ϕ(X)
√
g(X)
)
. (2)
where σα parametrizes Σ, and ǫ12 = 1. Here ϕ is a scalar that is not to be confused with the one that we
gave a large vacuum expectation value, and d2σ
√
g(X) is the invariant measure on Σ. The scalar ϕ has
vacuum expectation value zero and describes fluctations about the vacuum expectation value. We will
motivate this definition in section 7.
The redaction of this paper is as follows. In section 2 we discuss our regularization. In section 3 we
determine the normalization of the action. In section 4 we study the spherical Wilson surface, which we
can compute explicitly. In sections 5 and 5.1 we make an exact computation of the conformal anomaly
for 〈W0〉 and 〈W1〉 respectively, that is, for any Weyl rescaling in any background. In section 6 we show
that the renormalized spherical Wilson surface is nothing but a certain conformal anomaly. Comparing
this with the explicit results in section 4 will serve as a consistency check of our results. In section 7 we
justify our definition of W1 by making contact with Wilson loops in four dimensional gauge theory.
2 The regularization
We start by considering the free abelian theory. The vacuum expectation value of the corresponding
Wilson surface (1) is given by
〈W0(Σ)〉 = exp−I0(Σ) (3)
where
I0(Σ) =
∫
(X,Y )∈Σ×Σ
∆(X,Y ). (4)
Here ∆ denotes the bi-two-form gauge field propagator,
∆(X,Y ) =
1
4
dXM ∧ dXN ⊗ dY P ∧ dY Q
〈
B+MN (X)B
+
PQ(Y )
〉
(5)
We have to regularize I(Σ). Since we want to compute a conformal anomaly we should use a reg-
ularization that does not break covariance and gauge invariance of the Wilson surface. Apriori such a
regularization should exist given that there are no other anomalies than the conformal anomaly present.
We will start by considering flat backgrounds.2 This will actually not to be such a serious restriction as
it may seem at first sight. Indeed we will in the end of section 5 show that in order to get the conformal
anomaly in a generic background, it is sufficient to compute it for the following two separate cases
1. a generically curved background with constant conformal factor (i.e. Weyl rescalings that are
constant rescalings of the metric).
2. a flat background with conformal factor such that the Weyl transformed metric is still flat.
Assume now that the six dimensional background metric is GMN (x) = δMN , and that the surface Σ
is confined to a hyperplane, say x0 = X0. We then regularize I(Σ) by translating one copy of Σ to a
2In a curved background there is generically no symmetry between the directions in which we could move one copy of the
surface in order to regularize it. It therefore matters which direction we choose. But such a direction can not be written in
a coordinate independent way, unless of course the space has some isometry. But even if we restricted to spaces which has
some isometry, when we make a Weyl transformation that isometry will generically be destroyed. There should be some way
to overcome this problem since a covariant and gauge invariant regularization should exist. Maybe such a regularization
would be to sum over all directions. We must also find a way to define the direction at a different point given that we have
picked a direction (i.e. an orthonormal vector) at some point. Just parallel transporting this vector along the surface may
bring it outside the three allowed directions. But if we project the parallel transported vector to this three dimensional
space, and also normalize it to unit length, then we have constructed a smooth normalized vector field αM (X) over the
whole surface that only depends (in a unique way) on one direction αM (X¯) at some point X¯ on the surface. Choosing
normal coordinates at any point, say X¯ , we have the metric tensor δMN at that point. We now integrate over all allowed
directions αM . which constitutes an S1. (If there are more possible directions than those which lie in an S1 the problem
happens to have more symmetries than we asked for. Then one can restrict to any of the possible S1’s and which one one
chooses will not matter.) This now seems to be a coordinate independent regularization of our submanifold observable that
may work in any smoothly curved background.
new position x0 = Y 0 = X0 + ǫ. This regularization prescription can of course be reformulated in any
coordinate system. If we have a flat space with metric tensor of the form GMN (x) = e
2φ(x)δMN we can
always make a diffeomorphism xM 7→ x˜M to a normal coordinate system x˜M , which brings the metric
tensor to G˜MN (x˜) = δMN . We must now assume that the surface is located at some point in some
direction, that we will denote αM , when it is expressed in terms of a normal coordinate system.3 We
translate one copy of Σ a distance ǫ in a direction αM . In terms of the original coordinate system xM this
regularization reads (noting that straight lines are geodesics in flat space and that geodesics are mapped
to geodesics under diffeomorphisms):
Displace all points on Σ a certain distance ǫ along geodesics that intersect Σ orthogonally and emanate
from it in the αM -direction, where αM is a unit vector such that the surface lies at a point in the direction
of this vector when expressed in terms of normal coordinates.
These geodesics will automatically also intersect displaced surface Σ′ orthogonally.
3 Normalization and selfduality
In order for the Wilson surface as we have defined it to be well-behaved we should normalize the gauge
field so that the bosonic part for the free (2, 0) supersymmetric action is (after Wick rotation)4 [12],[13]
S =
1
8π
∫
(H ∧ ∗H + 2dφa ∧ ∗dφa) , (6)
where H = dB is the non-chiral field strength, and φa denote the five Lorentz scalars in the (2, 0) tensor
multiplet. The factor 2 in front of the scalar kinetic term follows from requiring the supercharges derived
from this action to reduce to the supercharges in four-dimensional N = 4 supersymmetric gauge theory.
This is appropriate because we have defined our Wilson surface in such a way that it reduce to the Wilson
loop in such a four dimensional supersymmetric theory. We have thus no freedom to change any of our
normalization constants, once we have defined the Wilson surface, Eq. (2). We defer the details to section
7.
In this normalization we get the gauge field propagator ∆ in Feynman gauge and the scalar field
propagator D respectively as
∆(y˜, x˜) =
1
π2
dy˜M ∧ dy˜N ⊗ dx˜M ∧ dx˜N |y˜ − x˜|−4
Dab(y˜, x˜) = δab
1
π2
|y˜ − x˜|−4 (7)
in normal coordinates x˜M . If the background is curved there will be O(|y˜ − x˜|−2) corrections to the
short-distance behaviour of these propagators. See [5] and Eq. (52).
If we in euclidean signature separate H into selfdual and anti-selfdual parts as H = H+ + H− we
have 〈
H+(x)H+(y)
〉
=
1
2
(〈H(x)H(y)〉 + i 〈H(x) ∗H(y)〉) , (8)
3Since we are interested in the change under a conformal coordinate transformation we also have to assume that the
surface is located at a point in the origial coordinates as well. This can be ashieved if we assume that there are two
directions, say x0 and x5 along which the surface is at a point.
4This normalization also follows from requiring holomorphic factorization
where ∗ denotes the Hodge duality operator. Correspondingly we have
〈
B+(x)B+(y)
〉
=
1
2
(〈B(x)B(y)〉 + i(something real)) . (9)
In this letter we will not care about the phase factor of the selfdual Wilson loop expectation value. We
will thus simply divide the ordinary gauge field propagator by 2 and ignore the imaginary part. We
should also not forget a factor 2 that comes from the fact that dxM ∧dxN ⊗dyM ∧dyN = 2
∑
M<N dx
M ∧
dxN ⊗ dyM ∧ dyN .
4 A preliminary example – the spherical Wilson surface
We can illustrate our regularization by taking the surface observable for a 2-sphere S2R,0 of radius R
centered at the origin and located at x˜0 = x˜4 = x˜5 = 0. The selfdual regularized spherical Wilson surface
is
I0(ǫ) =
1
2π2
∫
S2
R,0
dX˜M ∧ dX˜N
∫
S2
R,ǫ
dY˜M ∧ dY˜N 1|X˜ − Y˜ |4 (10)
with (Y˜ − X˜)MαM = ǫ. It is easy to compute the sphere explicitly by fixing a point X¯ on the north pole,
using the rotational symmetry. We get the result
I0(ǫ) = 4
(
R2
ǫ2
− ln
(
2R
ǫ
)
+
1
4
+O(ǫ)
)
. (11)
Computing the similar thing for the A1 model we get
I1(ǫ) = 4
(
2R2
ǫ2
− ln
(
2R
ǫ
)
+O(ǫ)
)
. (12)
We will rederive these results (or rather the corresponding renormalized results) in section 5 as conformal
anomalies of a plane.
The spherical Wilson surface has also been computed on the supergravity side in the large N limit in
[3] with the result
I∞(ǫ) = 4N
(
R2
ǫ2
− ln
(
2R
ǫ
)
− 1
2
+O(ǫ)
)
. (13)
We now make the observation that if we as original coordinates xM take
x˜ = x/|x|2 (14)
the equation for the sphere is given by |X | = 1/R. Since we do not change the metric under this
transformation, the radius of the sphere changes to 1/R. If we instead make the rescaling
x˜M = R2xM , (15)
the new sphere is given by the equation |X | = 1/R. We see that the new sphere is given by |X | = 1/R,
irrespectively of whether x was related to the normal coordinates via an inversion through the center
of the sphere, or via a certain rescaling. But in both cases we end up with the same regularized result
(10) according to our regularization prescription. It follows that the conformal anomaly must also be the
same for these two transformations.
Instead of transforming the coordinates and keeping the metric fixed, we can keep the coordinates
fixed and Weyl rescale the metric. For the inversion map we get the Weyl rescaling
δMN → |x|−4δMN , (16)
and the corresponding conformal factor φ = −2 ln |x|.
To be slightly more general we can consider the effect of this inversion map on a sphere S2R,a centered
a distance a < R from the origin. This maps the sphere to a new sphere of radius
R˜ =
R
R2 − a2 . (17)
The anomaly that corresponds to this rescaling of the radius can be read off from (11) as
I0(R˜)− I0(R) = 4
(
lnR− ln R˜
)
= 4 ln(R2 − a2). (18)
In flat space the conformal anomaly can only be a linear combination of covariant terms that can be
build up of the induced metric gαβ and the second fundamental form Ω
M
αβ on the surface. We will
use the abbreviation ΩM = gαβΩMαβ and let R(2) denote the Ricci scalar that is computed from gαβ.
For infinitesimal conformal transformations, the descent equations reqire the conformal anomaly to be
conformally invariant. The only combinations that do not involve derivatives of the conformal factor
are
(|Ω|2 − 4gαβPαβ)φ and R(2)φ, as in [5] using the same notations as there. In flat space and for a
sphere both these terms are a constant times φ/R2. In this case the anomaly can only be a certain linear
combination (with constant, i.e. numerical, coefficients) of the following terms,
A =
∫
§2
d2σ
√
g
4
R2
φ
B =
∫
§2
d2σ
√
gΩM∂Mφ
C =
∫
§2
d2σ
√
ggαβ∂αφ∂βφ
D =
∫
§2
d2σ
√
g∂Mφ∂Mφ. (19)
No terms of order higher than quadratic in φ can occur as will be clear later. In flat space, we can rewrite
all higher derivatives of φ in terms of powers of terms with only one derivative of φ (as can be deduced
from Eq (23).
For the case that Σ = S2R,a we have Ω
n
ij = −δij/R. For inversion, φ = −2 ln |x|, of this sphere we get
A = −8π
(
2 ln(R2 − a2) + 2R
2 + a2
2Ra
ln
R+ a
R− a − 4
)
D −B = C = 8π
(
R2 + a2
2Ra
ln
R+ a
R− a − 2
)
(20)
so what we see now is that any combination of the form
1
4π
[−A+ f · (B −D) + (f − 2)C] (21)
yields the answer 4 ln(R2 − a2). So from this example alone, we could not determine the conformal
anomaly uniquely, but only up to some number f . But we should notice that Eq (21) is a very general
result since the observation that inversion and rescaling of a sphere yield the same result should hold in
any theory, interacting or not, that contains surface observables, such as the (2, 0) supersymmetric AN
theories.
5 The conformal anomaly
We will first assume that the Riemann curvature tensor vanishes, both before as well as after a conformal
transformation. After a conformal transformation, δMN → e2φ(x)δMN , the Riemann curvature tensor is
given by
RMPNQ = e
2φδMN
(
∂P ∂Qφ− ∂Pφ∂Qφ+ 1
2
δPQ|∂φ|2
)
± permutations, (22)
where we use the abbreviation |∂φ|2 ≡ δMN∂Mφ∂Nφ. Contracting indices one finds that RMPQN = 0 if
and only if
∂2φ+ 2|∂φ|2 = 0
∂Mφ∂Nφ− ∂M∂Nφ− 1
2
δMN |∂φ|2 = 0. (23)
Requiring the space to be flat, we can find a Riemann normal coordinate system x˜M around a point
with coordinate X = 0 in which the metric is (ds)2 = dx˜Mdx˜M . A normal coordinate system may be
constructed by noticing that geodesics in this coordinate system are straight lines. In a any conformally
flat space we have the geodesic differential equation
X¨M − |X˙|2∂Mφ+ 2X˙MX˙N∂Nφ = 0. (24)
where δMN is used to contract indices here (though the metric is e
2φ(x)δMN ). The dot denotes a derivative
with respect to a parameter τ ∈ [0, 1] that parametrizes the geodesic. Contracting the geodesic equation
with X˙M we get
d
dτ
(
ln |X˙|+ φ
)
= 0, (25)
which we can integrate to get
|X˙(τ)| = ǫe−φ(X(τ)), (26)
Assuming the boundary condition
X˙M (0) = ǫ˜αM (27)
where ǫ˜ ≡ ǫe−φ(0), and α a unit vector, we can solve (24) iteratively. If we use the defining property of a
normal coordinate system that geodesics are straight lines,
x˜M = ǫ˜αM (28)
we get the diffeomorphism between the original and the normal coordinate systems,
xM = x˜M +
1
2
|x˜|2IMN (x˜)∂Nφ
+
1
6
(|x˜|22x˜NINP (x˜)∂Pφ+ |x˜|2x˜N∂N∂Mφ− 2|x˜|2x˜P IMN (x˜)∂Nφ∂Pφ
−2|x˜|2x˜MINP (x˜)∂Pφ∂Nφ− 2x˜M x˜N x˜P∂P ∂Nφ) +O(|x˜|4), (29)
where IMN (x˜) ≡ δMN − 2 x˜M x˜N|x˜|2 .
We must now find some direction α in which the surface Σ is located at a point in terms of the normal
coordinate system. According to our regularization prescription, it is along this direction we should
translate one copy of the surface a cut-off distance ǫ. We will assume that Σ is located at X0 = X5 = 0
and make the ansatz α = (α1, 0, 0, 0, 0, α5). We thus look for a hyperplane in which Σ is confined, of the
form
αM X˜
M = 0. (30)
We rewrite the hyperplane X0 = X5 = 0 in terms of normal coordinates and contract with α (using (30))
to find the condition
αM∂Mφ(0) = 0. (31)
We thus find a direction
α =
(∂5φ, 0, 0, 0, 0,−∂0φ)√
(∂0φ)2 + (∂5φ)2
. (32)
We must now compute the coordinate Y to which a point X = 0 on Σ is translated along this geodesic.
We get
YM = ǫ˜αM +
1
2
ǫ˜2∂Mφ+
1
6
ǫ˜3
(
αP∂P ∂
Mφ− 2αM |∂φ|2 − 2αMαNαP ∂P∂Nφ
)
+O (ǫ˜4) (33)
which when restricting to flat space (23) reduces to
YM = ǫ˜αM +
1
2
ǫ˜2∂Mφ− 1
4
ǫ˜3αM |∂φ|2 +O (ǫ˜4) (34)
Each point Y on the displaced surface Σ′ corresponds to a point X¯ on Σ via this displacement along
geodesics,
Σ ∋ X¯ 7→ Y = Y (X¯) ∈ Σ′. (35)
We can then write I0(ǫ) as an integral over Σ× Σ as follows,
I0(ǫ) =
∫
Σ
dXM ∧ dXN
∫
Σ′
dYM ∧ dYN 1|X − Y |4
=
∫
Σ
dXM ∧ dXN
∫
Σ
dX¯R ∧ dX¯S ∂Y
M
∂X¯R
∂Y N
∂X¯S
1
|X − Y (X¯)|4 (36)
We can compute this integral by first performing the integral over X¯ while keeping X fixed. But we
can just as well keep X¯ fixed and perform the integral over X first. The latter alternative will be more
convenient since we have already expanded everything about X¯, so we will choose that alternative.
For later reference we compute
|X − Y (X¯)|2 = |X − X¯|2 + ǫ˜2(1− (X − X¯)M∂Mφ) + ǫ˜4
(
−1
4
|∂φ|2 + (X − X¯)M (...)M
)
+O (ǫ˜5) (37)
and
dY 1 ∧ dY 2 = dX¯1 ∧ dX¯2
(
1 + ǫ˜2
1
2
δαβ (∂α∂βφ− 2∂αφ∂βφ) +O(ǫ˜3)
)
(38)
which, using the flatness conditions Eq (23), becomes
dY 1 ∧ dY 2 = dX¯1 ∧ dX¯2
(
1 + ǫ˜2
1
2
(−|∂αφ|2 − |∂φ|2)+O(ǫ˜3)
)
. (39)
The conformal anomaly is given by the constant (i.e. ǫ-independent) terms in the difference
I(ǫ)[e2φGMN ,Σ]− I(ǫ)[GMN ,Σ]. (40)
In general there is probably no simple way to compute any of these two terms separately, but the difference
can be computed - even for finite conformal transformations - and will be given by a local expression
integrated over Σ.
The trick is to rewrite this difference as the sum of the contribution of a local (both X as well as X¯-
dependent) rescaling of ǫ˜(X¯)2 to something which is of the form ǫ˜(X¯)2(1−ξ(X, X¯))+ǫ˜(X¯)4κ(X, X¯)+O(ǫ˜5)
(to be read off from Eq (37)) at each fixed X¯ , plus the contribution of the X-independent rescaling of
ǫ˜(X¯) to ǫ. Throughout all the computation we will let X¯ be a fixed point on Σ. The idea is thus to
recast the variation in a form that implies a (local) rescaling of ǫ for each fixed X¯ because then, upon
Taylor expanding about ǫ˜2, the anomaly becomes a certain expression which involve certain derivatives
with respect to ǫ˜2 (of the form ǫ˜2p(∂/∂ǫ˜2)q for p, q = 1, 2, ...) of integrals that will diverge as ǫ˜→ 0 (see
Eq (43)). Pulling these derivatives outside the integrals, they will kill certain divergences in integrals
whose divergent part we can compute. This is a straightforward generalization of the method used in [6].
In this reference all the divergent integrals that we will need here can also be found.
We should thus recast the Weyl transformed Wilson surface in the form (dropping the
∫
Σ
dX¯ ∧ dX¯-
integration for the time being) ∫
Σ
∆(ǫ˜2(1− ξ) + ǫ˜4κ+O(ǫ˜5)) (41)
Explicitly we read off from Eq (37) that
ξ = (X − X¯)M∂Mφ
κ = −1
4
|∂φ|2 − (X − X¯)M (...)M . (42)
We then Taylor expand in α ≡ ǫ˜4κ+O(ǫ˜5) about ǫ˜2 as∫ (
∆(ǫ˜2)− ξǫ˜2∆′(ǫ˜2) + 1
2!
(ξǫ˜2)2∆′′(ǫ˜2)− ...
)
+
∫ (
α∆′(ǫ˜2)− αξǫ˜2∆′′(ǫ˜2) + 1
2!
α(ξǫ˜2)2∆′′′(ǫ˜2)− ...
)
+
∫
1
2!
(
α2∆′′(ǫ˜2)− α2ξǫ˜2∆′′′(ǫ˜2) + 1
2!
α2(ξǫ˜2)2∆′′′′(ǫ˜2)− ...
)
+ ... (43)
The +... either contain terms of higher order in ǫ˜ or in X − X¯ and will not be sufficiently divergent to
give any finite contribtion to the conformal anomaly. We will explain this in detail at the end of this
section.
Integrating ∆, or ∆ multiplied by any combination of ξ, η and κ, yields only two types of divergences,
ǫ˜−2 and ln
(
ǫ˜2
)
. Finite terms arise from quadratic divergences in∫ (−κ− 2ξκ− 3ξ2κ)∆(ǫ˜2) (44)
as well as from the logarithmic divergences in∫ (
−ξ − 1
2
ξ2
)
∆(ǫ˜2). (45)
From the quadratic divergence coming from (−κ+ ...)∆ we get the finite contribution (the derivative
kills the divergence)
1
4π
|∂φ|2. (46)
Similarly the logarithmic divergence ln(ǫ˜2) in
(−ξ − 12ξ2)∆ gives the finite contribution
1
4π
(
ΩM∂Mφ+ |∂αφ|2
)
. (47)
The change of variables produces another |∂αφ|2, coming from a quadratic divergence (see Eq (39)), and
gives rise to the finite contribution (the ǫ2 in Eq (39) cancelling the ǫ−2-divergence)
1
4π
(−|∂αφ|2 − |∂φ|2) (48)
These are all the finite contributions there is. Summing them up, we have
1
4π
(
−
(
3
2
Ω2 +R(2)
)
φ+ΩM∂Mφ− |∂αφ|2 − |∂φ|2
)
. (49)
where the piece
(
3
2Ω
2 +R(2)
)
φ was computed in [5],[6] and arises entirely from the rescaling of ǫ from
ǫ˜. Now this result is exact (to all orders in φ). We also notice that it satisfies the general constraint Eq
(21) for a sphere if we choose f = 1.
The derivative terms of φ derived above in flat space, must carry over unchanged (just covariantized
in the obvious way) to curved space. This is so for the following two reasons:
1. There can be no terms of higher than quadratic orders in ∂φ because, by dimensional reasons each
such term must be accompanied by X − X¯ or by ǫ. Now since there are no higher divergences than
ǫ−2, terms of order O(|X − X¯|3) or O(ǫ3) or similar, will give only O(ǫ)-terms.
2. There can not be any terms involving more than one derivative of φ. Such terms would have been
of the form D∂φ where D is a covariant derivative. But apparently no Christoffel symbol Γγαβ is
present in the flat space result above. To rule out the possibility of ΓPMN is a bit harder though. This
is zero for the case we computed on above. But the Wess-Zumino consistency condition requires
the conformal anomaly for infinitesimal transformations to be conformally invariant. But D∂φ is
not conformally invariant. Such a term is therefore not allowed in the anomaly.
In a curved background the propagator gets modified. But that modification will only affect the piece
(...)φ in the anomaly. This is so, because these terms in the propagator are not sufficiently divergent as X
approaches Y , to give any finite contribution to terms that involves derivatives of φ. But for φ constant
we can safely use the regularization of displacing the surface in some direction as far as the conformal
anomaly concerns, because then we can choose normal coordinates about some point on the surface,
such that the coordinate axes become geodesics, and we can displace along some suitable coordinate axis
(along which the surface is at a point). If now φ is constant, we can use the same normal coordinate
system after the Weyl transformation, and the difference will not depend on the detailed curved along
which we displaced the surface because for constant φ only the rescaling of ǫ → ǫ˜ = ǫe−φ matters. This
way we recover the same expression as was first obtained in [5], as long as φ is a constant.
Generically a two-dimensional surface will of course not be confined to any hyperplane when expressed
in terms of normal coordinates. But, given a point X on the surface, we can always find a two-dimensional
hyperplane in which the surface is confined up to cubic order in the distance along the surface. That will
be good enough for our purposes of computing the conformal anomaly, the cubic term giving no finite
contribution to the anomaly.
5.1 The A1 model
A conformally invariant action for a scalar field in six dimensions is
1
4π
∫
d6x
√
G
(
GMN∂Mϕ∂Nϕ− 1
5
Rϕ2
)
(50)
where R is the Ricci scalar of the background. Expanding in normal coordinates about x and using that
the metric in normal coordinates is
GMN (y) = δMN +
1
3
RMPNQ(x)(y − x)P (y − x)Q + ... (51)
we get after some computations, similar to the computation of the gauge field propagator which was
carried out in [5]), that the scalar field propagator is given by
D(y, x) =
1
π2
|y − x|−4
(
1− 1
3
PMN (x)(y − x)M (y − x)N +O(|y − x|3)
)
, (52)
where PMN =
1
4
(
RMN − 110RGMN
)
. We notice that there is no R dependence left in this propagator
(although R appears in the action). This have cancelled out through a lucky numerical coincidence. Of
course this had to happen since the conformal anomaly can not contain any term proportional to R.
We define the Wilson surface observable in our spontaneosly broken A1 theory as
W1(Σ) = exp i
∫
Σ
d2σ
(
∂1X
M∂2X
NB+MN − ϕ(X)
√
g(X)
)
(53)
where φ is a scalar which has no vacuum expactation value. We will justify this definition in section 7.
We should thus consider∫
d2σ
∫
d2σ¯
√
g(X(σ))g(Y (σ¯))D(X(σ), Y (X(σ¯))) (54)
The induced metric at YM = X¯M + ǫe−φαM + ... on the displaced surface is
gαβ(Y ) = ∂αYM∂βYM
= ∂αX¯
P∂βX¯
Q∂PY
M (X¯)∂QY
M (X¯) (55)
and, noting that ∂αX
PαP = 0 = X
P∂ααP , we get the metric on the displaced surface, in normal
coordinates about X¯, as
gαβ(Y ) = gαβ(X¯)
(
1− 1
2
ǫ˜2|∂φ|2 +O(ǫ˜3)
)
+ .... (56)
Furthermore, still in normal coordinates about X¯ (with respect to the background), we get for the measure
on Σ, √
g(X) = 1 +
1
2
(X − X¯)α(X − X¯)βgγδ
(
Ωαγ · Ωβδ + 1
3
Rαγβδ
)
+ .... (57)
We will make use of the relation Rαγβδ =Wαγβδ +4g[α[βPδ]γ] . Using the general formalism developed in
section 5 and results from [6], we get the anomaly from the scalar as the sum of the contribution from
the propagator which is
1
π2
[
−
(π
8
(|Ω|2 + 2gαβgγδΩαγ · Ωβδ)+ π
3
gαβPαβ
)
φ+
π
4
(
ΩM∂Mφ+ |∂φ|2 + |∂αφ|2
)]
, (58)
from the measure,
− 1
π2
(
−π
2
gαβgγδΩαγ · Ωβδ − π
6
(
gαβgγδWαγβδ + 2g
αβPαβ
))
φ (59)
and from the change of variables from Y to X¯ which produces a finite piece when multiplying the quadratic
divergence, which is
− 1
2π
|∂φ|2 (60)
Using the identity
gαβgγδΩαγ · Ωβδ = |Ω|2 +R(2) − gαβgγδWαγβδ − 2gαβPαβ (61)
we get the sum of all these contributions as
1
4π
[(
1
2
(|Ω|2 − 4gαβPαβ)+R(2) − 1
3
gαβgγδWαγβδ
)
φ+ΩM∂Mφ− |∂φ|2 + |∂αφ|2
]
(62)
We may verify that this form of the anomaly passes the test that, in a flat background, rescaling and
inversion of a sphere should yield the same answer. Indeed for the sphere we get no contribution from
the scalars to the anomaly.
Adding this to the contribution from the gauge field, which in curved background is5
1
4π
[
−
(
3
2
(|Ω|2 − 4gαβPαβ)+R(2) − 1
3
gαβgγδWαγβδ
)
φ+ΩM∂Mφ− |∂αφ|2 − |∂φ|2
]
(63)
we get
1
4π
[− (|Ω|2 − 4gαβPαβ)φ+ 2ΩM∂Mφ− 2|∂φ|2] (64)
which, when covariantly integrated over Σ, indeed is proportional to the result obtained in [2], with
proportionality constant equal to N .
6 The spherical Wilson surface as a conformal anomaly
The bi-two-form gauge field propagator 〈B(x)B(y)〉 can at most change by a gauge transformation under
a conformal transformation since it is only the gauge fixing term which is not conformally invariant. But
we can also show this explicitly by considering the field strength propagator 〈H(x)H(y)〉 where H ≡ dB.
The field strength is a primary field of weight 3 under the conformal group,
HMNP (x)→ H ′MNP (x′) = Ω(x)3HRSTDRSTMNP (R(x)). (65)
HereRMN (x) = Ω(x)∂x
′
M
∂xN
where Ω is such that this is an x-dependent O(6) rotation,D is a representation
matrix and IMN (x) = δMN − 2xMxN|x|2 . According to the general formalism developed in [7], the field
strength propagator is given by
〈
HMNP (x)HRST (y)
〉
=
c
(s2)3
DMNPRST (I(s)) (66)
where s = x − y for some normalization constant c. Definied in this way, it is easily seen that the
bi-three-form 〈H(x)H(y)〉 is invariant under inversions. We conclude that the gauge field propagator at
most can change by at most a closed bi-two-form.
In Feynman gauge and flat background we computed earlier the gauge field propagator to (dropping
the normalization constant for the time being)
〈
BMN (x)B
PQ(y)
〉
=
δPQMN
|x− y|4 , (67)
5An error of a factor 2 in the last term in the gauge field propagator as computed in [5] (...− 1
3
(X −X′)(X −X′)W...
in Eq. (17) in [5] should be ... − 2
3
(X − X′)(X − X′)W... which can be seen by e.g.considering a Ricci flat background)
also propagated to [6] which in those papers led to wrong sign for the term which involves the Weyl tensor in this anomaly,
which has been corrected here.
and we can check that it yields the field strength propagator above. Under inversion it transforms into
x4y4
δPQMN
|x− y|4 . (68)
The bi-two-form propagator therefore transforms as
〈B(x)B(y)〉 → 1
(s2)2
IMM ′ (x)INN ′ (x)IPM ′ (y)IQN ′(y)dx
M ∧ dxN (y)⊗ dyP ∧ dyQ′
=
1
(s2)2
(
δPMδ
Q
N − 4
δPMyNy
Q
y2
− 4δ
P
MxNx
M
x2
+ 8
δPMxNy
Q(x · y)
x2y2
+ 8
yMxNy
PxQ
x2y2
)
dxM ∧ dxN ⊗ dyP ∧ dyQ. (69)
The variation can be written as a bi-exact form,
− 2δPM
[
∂
∂xN
(
yQ
|x− y|2y2
)
+
∂
∂yQ
(
xN
|x− y|2x2
)]
+ 4
∂
∂xM
(
xNx
P yQ
|x− y|2x2y2
)
. (70)
just as we had expected, since 〈H(x)H(y)〉 was invariant under inversion. Furthermore, since the gauge
fixing term is invariant under all transformation except for inversions, we deduce from this result that for
any conformal transformation which does not take us outside a flat space, the variation should be given
by
δPM
[
∂
∂xN
(
∂Qφ(y)
|x− y|2
)
+
∂
∂yQ
(
∂Nφ(x)
|x− y|2
)]
+
∂
∂xM
(
xN∂
Pφ(x)∂Qφ(y)
|x− y|2
)
(71)
The spherical Wilson surface of radius R and which goes through the origin is given by
W0(S
2
R) =
1
π2
∫
S2
R,R
dX˜M ∧ dX˜N
∫
S2
R,R+ǫ
dY˜M ∧ dY˜N 1|X˜ − Y˜ |4 (72)
Under inversion, X˜M = X
M
|X|2 the sphere transforms to a plane which has its closest distance to the origin
equal to a ≡ 1/(2R). That is, while X˜M take values on a sphere, XM take values on a plane D∞. We
have
W (S2R) =
1
π2
∫
D∞
dX1 ∧ dX2
∫
?
dY 1 ∧ dY 2
(
1
|X − Y |4 + exact terms
)
(73)
Here ? is the complicated displaced surface along geodesics (in this case it will be a very big sphere). The
exact terms would have been unimportant here, had it not been that the plane is infinitely extended. If
we regularize by taking a big disk of radius r instead of the infinite plane, we have to take into account
the contribution of the exact terms coming from the boundary of the disk. This will have the effect
of cancelling the divergence before letting the disk becoming infinitely big. The contribution from the
interior of the disk to the anomaly related to this transformation is given by
A = − 1
4π
∫
D2r
d2σ
(|∂αφ|2 + |∂φ|2) (74)
for φ = −2 ln |X(σ)|. Choosing coordinates
X1 = r cosϕ
X2 = r sinϕ (75)
on the plane, we thus have to compute
A = − 1
π
∫
drrdϕ
(∣∣∣∣ Xα|X |2
∣∣∣∣
2
+
∣∣∣∣XM|X |2
∣∣∣∣
2
)
(76)
with |Xα|2 = r2 and |X |2 = r2 + a2. We get
A = 4
(
− ln(2rR) + 1
4
)
(77)
but this is not the whole answer. We have to add the contribution coming from the variation of the
propagator, i.e. from the boundary of the disk. Some computation shows that their contribution is 4 ln r.
We thus get the total anomaly as
ATOTAL = 4
(
− ln(2R) + 1
4
)
, (78)
and indeed this is equal to the renormalized abelian spherical Wilson surface, consult Eq (11).
If we consider the A1 Wilson surface we instead get the anomaly
− 4 ln(2R). (79)
Again we get the correct answer, that is, that we read off from our explicit computation given in Eq (12).
This is a non-trivial check of Eq (64).
In the limit N → ∞, we can just compute the contribution to the anomaly from the interior of the
disk, which is
− 4N ln(2rR) (80)
since the form of the boundary term is not known, so we can not deduce from this what its contribution
to the Weyl anomaly should be. But we know what the expectation value for the spherical Wilson surface
is. This has been computed in [3] in AdS space, with the result
4N
(
− ln(2R)− 1
2
)
(81)
for largeN . This should thus be equal to the conformal anomaly for the plane under inversion. We deduce
that we have got an additional contribution of −4N/2 from the point at infinity. This contribution we
think should come from some matrix model sitting at the point at infinity, in analogy with [4].
We could of course had viewed all this in the opposite direction and computed the anomaly on a
sphere instead of on a plane. We would then have got minus the results that we got above.
7 Connecting to supersymmetric Yang-Mills theory
In Yang-Mills theory the Wilson loop is derived from a correlation function 〈J(y)J(x)〉 of quark-currents
J(x) ∼ q(x)q¯(x) that creates (annihilates) a quark-antiquark pair at x (y). The Wilson loop is what one
gets if one drops the path integral over paths connecting x and y, but just consider one such path [8].
We are interested in defining a Wilson loop in U(2) gauge theory, spontaneously broken to U(1)×U(1)
by a large Higgs vacuum expectation value. Realizing this by two separated D3-branes, the quark fields
will correspond to the end points of strings that end on the two parallel D3-branes.
In Minkowski space with metric ηµν =diag(−+++), the bosonic part of the N = 4 supersymmetric
action is
− 1
4π
(Fˆµν , Fˆ
µν)− 1
2π
(DˆµφˆA)
2 +
1
4π
[φˆA, φˆB]
2 (82)
Following the steps given in the appendix in [9], we expand the scalar field around a Higgs VEV φ(0) as
φˆA = φ
(0)
A + φ (83)
with
φ(0)A = δA1
1
2
(
M 0
0 −M
)
φ =
1
2
(
ϕ w
w† −ϕ
)
(84)
and decompose the gauge potential as
Aˆµ =
1
2
(
Aµ Wµ
W †µ −Aµ
)
(85)
and insert this in the action. We then consider the correlation function〈
w(x)†w(x)w(y)†w(y)
〉
. (86)
We then will find that the Wilson loop should be defined as
exp
(
i
∫
ds
(
AµX˙
µ − ϕ
√
|ηµνX˙µX˙ν |
))
, (87)
if s parametrizes the loop s 7→ Xµ(s). Wick rotating amounts to the replacementX0 → iX0, A0 → −iA0.
If −ηµνX˙µX˙ν > 0, then the euclidean version should read
exp
(
i
∫
ds
(
AµX˙
µ − iϕ
√
δµνX˙µX˙ν
))
, (88)
but if −ηµνX˙µX˙ν < 0 we instead get
exp
(
i
∫
ds
(
AµX˙
µ − ϕ
√
δµνX˙µX˙ν
))
. (89)
It is really this latter situation that we study in this letter. We do not understand how a generic closed
loop in Minkowski space extended in the time-direction is to be interpreted in euclidean space. This
problem is avoided by considering only closed spatial loops at a fixed time since such loops exist in both
signatures.
Compactifying the six-dimensional theory on a two-torus, and letting the Wilson surface be a cylinder
wrapping one of the compact dimensions, we find thatW1 defined in Eq (2) reduces to (89). (If the surface
instead wraps the other cycle it reduces to a ’t Hooft loop.)
We can not reduce a six-dimensional action to get the four-dimensional effective action because the
gauge field that reduces to the four-dimensional gauge field is selfdual, so its 6d action is zero. But we can
reduce the 6d action for the scalar field. We can also reduce the (2, 0) supersymmetry transformations
from 6d to 4d. This gives us sufficiently much information to construct the dimensionally reduced
theory and in particular derive the normalization for the kinetic term for the 4d gauge field from this
supersymmetry.
Now (2, 0) supersymmetry is best understood in Minskowski space with metricGMN = (−1, 1, 1, 1, 1, 1)
because the spinor ψ in the tensor multiplet is a symplectic Majorana spinor that only can be definied in
a invariant way in Minskowski signature. Defining ψ¯ ≡ ψ†Γ0 it is then constrained by ψ¯ = ψT cΩ where
c and Ω are charge conjugation matrices, and ΓM and σa denote intertwining matrices for SO(1, 5) and
SO(5)R respectively, obeying (Γ
M )T = −cΓMc−1 and (σa)T = ΩσaΩ−1. The following (2, 0) supersym-
metry transformations
δBMN = iǫ¯ΓMMψ
δφa = iǫ¯σaψ
δψ =
(
1
12
ΓMNPHMNP − ΓMσa∂Mφa
)
ǫ
δψ¯ = ǫ¯
(
1
12
ΓMNPHMNP + Γ
Mσa∂Mφ
a
)
(90)
leave the following action
1
4π
∫ (
−1
2
H ∧ ∗H − dφa ∧ ∗dφa + iψ¯ΓM∂Mψ
)
(91)
invariant. Here H is non-selfdual. Letting ǫ become space-time dependent we get the corresponding
Noether supercharges as6
− 4πQ =
∫
d5x
(
1
6
ΓMNPΓ0HMNP + 2Γ
MΓ0σa∂Mφ
a
)
ψ. (92)
We make the decomposition (σ1,2,3 are Pauli matrices, not be confused with σa)
Γµ = γµ ⊗ 1⊗ 1
Γ4 = γ ⊗ σ1 ⊗ 1
Γ5 = γ ⊗ σ2 ⊗ 1
Σa = 1⊗ σ1 ⊗ σa
Σ6 = 1⊗ σ2 ⊗ 1, (93)
and the following field redefinitions (R denote the radii of a rectangular two-torus)
RBµ4 = Aµ
RBµ5 = A˜µ
RB45 = Φ
6
Rφa = Φa
Rψ = γ0γ ⊗ σ1 ⊗ 1Ψ. (94)
Dimensional reduction amounts to disregarding derivatives in compact dimensions. Letting A = (a, 6),
the supercharges reduce to
− 4πQ =
∫
d3x
(
γµνFµν + 2γ
µγΣA∂µΦ
A
)
Ψ. (95)
Now A will be a vector index in the enlarged R-symmetry group SO(6)R. This is to be compared to the
supercharges in abelian N = 4 supersymmetric gauge theory [11]. From these reduced supercharges we
deduce that the theory that one gets from the chiral part of (91) is given by the action
1
4π
(−F ∧ ∗F − dφ ∧ ∗dφ+ iΨγµ∂µΨ) . (96)
6This approach was also taken in [10], though in a different notation and conventions.
We notice that we get the normalization that one should have in order to have
∫
F/(2π) integer quantized.
We should however notice that the Wilson surface is subject to a periodicity condition,∫
T 2
dx4dx5B45 ∼
∫
T 2
dx4dx5B45 + 2πZ (97)
which implies that B45 is only defined modulo
2pi
R2
which in turn implies that
Φ6 ∼ Φ6 + 2π
R
Z, (98)
so in the compactification limit R→ 0 this compact scalar decompactifies.
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